Abstract. When fluid in a rectangular tank sits upon a platform which is oscillating with sufficient amplitude, surface waves appear in the "Faraday resonance." Scientists and engineers have done bifurcation analyses which assume that there is a center manifold theory using a finite number of excited spatial modes. We establish such a center manifold theorem for Xiao-Biao Lin's model in which potential flow is assumed but an artificial dissipation term is included in the system of partial differential equations on the free surface. We use interpolation spaces developed by da Prato and Grisvard, establish maximal regularity for a family of evolution operators, and adapt the center manifold theory of Chow, Lin, and Lu.
1. Introduction and summary. Consider a rectangular tank filled with an incompressible homogeneous fluid to a depth h. If the base of the tank is made to oscillate, then what will be the behavior of the fluid? As long ago as 1831, Faraday observed fluid oscillations at one half the frequency of the base, so this phenomenon of parametric excitation is known as Faraday resonance. This and other historical references can be found in Benjamin and Ursell [3] and Miles and Henderson [18] .
LiB [15] has established a mathematical formulation for this problem. As long as the amplitude of the excitation is sufficiently small, he has obtained (i) global existence and uniqueness and (ii) an approximation result which justifies a truncation to a finite number of modes. His model assumes potential flow and includes on the free boundary terms for surface tension and artificial viscosity. The latter is to some extent physically meaningful because LiB showed that at high wave numbers his artificial viscosity produces dissipation proportional to the square of the wave number and proportional to the total kinematic energy, i.e., the dissipation is consistent with that produced by kinematic viscosity.
is substituted into Bernoulli's equation on the free surface. We use this functional relationship from Lin's paper, albeit in a time-independent version, in Theorem 6.1 below. Our techniques diverge from Lin's in that we then consider the problem as an ordinary differential equation in function spaces of space dependence rather than as an implicit equation in a Hilbert function space of both space and time dependence.
For our approach, we use a variation of constants formula in interpolation spaces, as in da Prato and Grisvard [8] , Sinestrari [25] , and da Prato and Lunardi [9] , which gives "maximal regularity." Unfortunately, we could not use the methods of Henry [12] for our nonlinear problem, although we do mimic his methods for periodic, linear problems. The actual local center manifold theorem that we obtain is an application of Chow, Lin, and Lu [7] , or we could have used the result of da Prato and Lunardi [9] , which is also in the style of Henry [12, Chap. 6] . The method of Liapunov-Perron obtains an invariant manifold as a graph of a function defined by an integral operator.
The paper is organized in this way: In 2, the physical problem and a model for it are presented along with a linearization about the fiat surface, i.e., undisturbed, solution. In 3, a semigroup of bounded linear operators is explicitly presented and shown to be analytic. In 4, a brief description is made of a well-known general method for defining interpolation spaces in which our semigroup has a maximal regularity property. In 5, we return to linear, time-periodic problems and show in Proposition 5.2 that there is a family of evolution operators which define integral operators with a generalization of the maximal regularity property for autonomous problems. We show that our linearized, time-periodic problem can be analyzed in this way. These generalizations are the only "new" results we have; all the other work in this paper consists of applying the work of other authors to our specific problem or, in the case of Lin's paper, taking a result in its entirety. In 6, the nonlinearities of our model are found to be nice enough viz. the integral operators of 5; here a result of Lin is essential. In 7, we adapt a center-unstable manifold theorem and an exponential attractivity theorem of other authors to our nonlinear, time-periodic problem. In 8, we mention a result of a sequel in preparation. We have calculated an approximate, local-center manifold for an example involving the (3, 2) and (2, 3) spatial modes.
In fact, experiments of Simonelli and Gollub [24] provide examples where there are a small number of unstable modes. As an aside, when we examined their experimental data for the onset of instability [24, p. [15, 6] , the mechanism may not be so simple.
Our original intention was to discuss regions more general than rectangular tanks, e.g., cylindrical tanks. We ran into difficulties in 6 when discussing boundary conditions to be satisfied by the nonlinearities. We .hope to understand this better in the future. [24] have described experiments in which the free surface is at right-angle contact with the sidewalls of a rectangular container, and this is consistent with ov 0 on OD. Douady [10] [12] or Pazy [21] , one can define the fractional powers Af , which in this situation are 4/ closed linear operators with domain X := {u e ],2(D) -n=l From now on we will write -:n instead of n=l and denote un (u, Cn)L2(D). XZ is a Hilbert space when given the inner product (u, v) n an tn;n.
From inspection of (2.1)-(2.3), Lin [15, 4] obtained the explicit result that N(O)u E tn tan h(tnh)unr)n for u E tn)n. Our plan for the rest of the paper is, first, to analyze the semigroup of linear operators e tB on spaces which will be suitable for subsequent analysis; second, to express the solution of (2.8) in terms of a family of evolution operators; third, to establish a local existence and uniqueness theorem for the nonlinear problem (2.6)-(2.7); and finally, to establish a local center manifold theorem for (2.6)-(2.7). In addition, the form of e tB leads one to suspect that, for all choices of/1 and/2, one must take p-1.
We can use another approach using interpolation spaces, as in daPrato and Grisvard [8] and many others, including Butzer and Berens [4] , Sinestrari [25] , daPrato and Lunardi [9] , and Angenent [2] . We will denote E DB(O), to be defined below, and F DB(0 + 1) {w e T(B) Bw e DB(0)}, and we will show in later sections, first, that the linear periodic problem (2.8) has some nice properties with regard to these spaces E and F and, second, that the nonlinearities in problem (2.6)-(2.7) take F into E nicely. The outstanding property of the spaces E and F is "maximal regularity," which has been put to good use by daPrato and Lunardi [9] to establish a center manifold theorem for autonomous problems.
We follow the exposition by Angenent [2] of the daPrato and Grisvard construction [8] . Suppose [9] . Similarly It is known from work of Grisvard [11] These two propositions express a maximal regularity property useful for the proof of the existence of an invariant manifold for an autonomous problem. In the next section, these two propositions will imply similar properties for a periodic problem. (B + B1 (t))w + f(w), where f(w) (fl(w), f2(w)), w (v, u). The purpose of this section is to show that f" F E is C , using a result of Lin [15] .
Recall that To show f" F -+ E is C , we use the following theorem. [6] condition/+ (k-1)7 > 0 corresponds to our condition &-k7 < 0. Chow, Lin, and Lu's [7] spectral gap conditions a < /_< k7 </ correspond to our conditions w + < 0, 7 See also daPrato and Lunardi [9] for autonomous problems. The conclusion about We note that, as usual, .M may depend on k and the choice of the cutoff function used in the proof. If, in addition, P1 (t + T) P1 (t), then h(t + T, 1 h(t, 1) follows from (t + T, s + T) (t, s). So, if the lineariation has only decaying modes and simple periodic solutions, then we get a periodic center manifold. THEOREM 7.4 (exponential attractivity with asymptotic phase). For ny integer k >_ 1 the local center-nstable manifold 3d for problems (2.6)-(2.7) is locally ezponentiall attractive, i.e., there exists a neighborhood bl of 3d sch that, if w(t) (v(t), (t)) is a solution of (2.6)-(2.7) which ezists for t e [cr, oc) and sch that (t, w(t)) e bl for t e [a, oe), thee there ezists solution w*(t) of (2.6)-(2.7), (a, w*(a)) .M, sch that Iw(t) w*(t)l --, o as t o, ezponentill. The hypothesis that (t, w(t)) E 5/ for a _< t < c ensures that the solution of (2.6)-(2.7) also satisfies the problem with a cutoff of f.
8. An example. We mention in passing a result of a sequel in preparation. For a square tank, Silber and Knobloch [23] , following experimental work of Simonelli and Gollub [24] , studied excitation of the (3, 2) and (2, 3) spatial modes. We were able to calculate an approximate, local center manifold which reduces the dynamics to that of a periodic system of ordinary differential equations xq(t, x, y) } 9 yq(t,y,x) where q(t,x, y) a(t)x
